We report here on spontaneous undulator radiation and free electron laser calculations after a 10-m long transport line (COXINEL) using a Laser Plasma acceleration (LPA) source. The line enables the manipulation of the properties of the produced electron beams (energy spread, divergence, dispersion) in view of light source applications. The electron beam brightness and undulator radiation brilliance are addressed by an analytical approach enabling us to point out the influence of chromatic effects in the COXINEL case.
Introduction
Particle accelerators have become a crucial need for advancement in many domains such as nanotechnology, atomic physics, nuclear physics, chemistry and medicine. By accelerating particles close to the speed of light, all kinds of explorations can be done, whether it is for colliding particles to discover elementary particles or by producing an intense x-ray source from synchrotron radiation, capable of unraveling the quantum realm.
A relativistic electron traversing a periodic sinusoidal magnetic field, generated by an undulator, emits synchrotron radiation at each period [1] . Photons produced by an individual electron interfere constructively resulting in sharp spectral lines well collimated within a cone. In a Free Electron Laser (FEL), the electrons interact with the radiation, where energy is transferred between the electron beam and the radiated wave via the so-called ponderomotive force. This process results in a low gain of the electromagnetic wave, firstly introduced using a quantum approach [2] and further examined using a classical approach [3] . In the undulator magnetic field, the beam energy modulation becomes a density modulation, because electrons with smaller energies are affected more by the field, prolonging their orbit and thus leading to a micro-bunching mechanism. Thanks to this process, the electrons are put in phase along the longitudinal axis and emit coherent radiation and light intensity is amplified. Unlike conventional lasers, where the electrons are bound to the atoms in the gain medium allowing the emission at a fixed wavelength, the FEL wavelength can be varied by changing the machine parameters
Issues of LPA Based FEL
The FEL amplification efficiency highly depends on the overlapping of the electron beam and the FEL wave. Thus, there should be a proper transverse matching (size, divergence) between the electron beam and the FEL wave along the undulator for ensuring a proper interaction. Besides, the normalized emittance n should satisfy the Pellegrini criterion [14] :
where γ is the relativistic factor and λ FEL the operating FEL wavelength. For a typical LPA electron beam of 500 MeV and ε n = 1 mm.mrad at the source, the emittance requirement is satisfied for an operating wavelength λ ≥ 12 nm. However, unlike beam drifts in conventional accelerators where the ε n scales as γε e f f (ε e f f being the effective emittance), a problem arises regarding the transport, where the chromatic emittance ε chrom increases quadratically with the divergence along a distance s [15] [16] [17] [18] . Such dependence can be understood by using the general definition of the normalized emittance expressed as [19] :
where x and x are the position and angle of the particle with respect to the reference path, respectively and stands for the average. Considering that there is no correlation between the energy and the transverse position, that is drift without collective effects, one finds:
Inserting the energy spread σ γ relation:
in Equation (3), one gets:
where σ x and σ x are the beam size and divergence, respectively. If the chromatic emittance is negligible, the first term in Equation (4) is set to zero and one arrives to the conventional definition of the normalized emittance as ε n = γ ε e f f . In the case of LPA, the generated electron beam can be considered as a point source, thus the bunch transverse size after a drift distance s becomes:
Inserting Equation (5) in Equation (4), one gets the expression of the emittance after a drift s in the longitudinal direction:
For a typical LPA electron beam of 2 mrad divergence, 500 MeV energy and 1% spread, the emittance is increased by a factor of 80 just after 10 cm drift, thus the divergence should be handled at an early stage of the transport.
The second FEL requirement concerns the electron beam energy spread. A large energy spread deteriorates the micro-bunching efficiency and smears out the electron bunch [20] . Hence, the electron beam should be rather cold with relative energy spread σ γ smaller than the FEL bandwidth that is equal to the Pierce parameter ρ FEL :
where 
. ρ FEL is the decisive parameter in terms of FEL amplification, such that the gain length L g , saturation length L sat and saturation power P sat are dependent on it as follows:
where E is the electron energy. ρ FEL is normally of the orders of 10 −3 , so an energy spread of 0.1% and below is required to enable the FEL amplification. This condition is not accomplished by typical LPA, since energy spreads have been measured to be ∼10 −2 for MeV-GeV electron beams [21, 22] . Furthermore, the bunch length is ultrashort of the orders of a few µm. This reduces the interaction length of the radiation field with the electron bunch.
Electron Beam Divergence Handling
Focusing magnets are used to handle and transport electron beams inside an accelerator. The focusing strength K is proportional to G/P, where G is the magnetic field gradient, P the beam momentum so that a large gradient is needed for high energies. In the case of an LPA beam, a typical gradient of >100 T/m is required. The conventional focusing magnets are electro-magnet based quadrupoles providing an intermediate gradient and wide tunability. However, the device has to be compact in order to achieve a high gradient which poses a mechanical complexity. Superconducting magnets come in handy for such applications but they are much more expensive than the conventional electro-magnets due to the cryogenic cost (installation and operation) and the possibility of a quench as a result of heating originating from synchrotron radiation and image charges. Permanent magnet based quadrupoles eliminate the need for power supplies, cables and the large element of infrastructure for the water cooling system and can be reduced in size without losing the magnetic field strength making them suitable for compact applications such as LPA [23] .
In view of an LPA application, an alternative focusing system, a plasma lens generating a field gradient of ∼kT/m, can be used to focus the electron beam at an early stage by the use of the plasma itself. The plasma lens is based on the concept of a magnetically self-focusing electron beam of density n e by ions from a residual gas or more generally by a plasma of density n p [24] . Two regimes can be implemented, an over-dense regime (n e << n p ) producing a focusing strength of K = 2πr e n e /γ with r e the classical radius of the electron [25] and under-dense regime (n e >> n p ) with a strength of K = 2πr e n p /γ. Afterward, a passive plasma lens has been proposed and developed [26, 27] and tested for an LPA experiment [28] . Another type, active plasma lens, has been proposed [29, 30] and applied to ion beams [29, 31] and to LPA applications as well [32] [33] [34] [35] [36] .
Energy Spread Handling
Solutions to handle the FEL second requirement are now examined. A magnetic chicane can be introduced in the line to stretch the electron beam and reduce the slice energy spread while inducing an energy-position correlation. A combined scaling law of the energy spread and bunch length [37, 38] showed that the FEL gain length, in the case of bunches with relative energy spread on the order of the Pierce parameter and bunch lengths on the order of the cooperation length can be reduced. Furthermore, a set of quadrupoles can be placed between the chicane and the undulator, taking advantage of the correlation and allowing for chromatic optics [39] . Using this optics, the different energy slices are focused at different locations inside the undulator. With the right synchronization between the chromatic focusing and the wave slippage, one is able to ensure that the FEL wave always sees the maximum electron density and thus improving the FEL gain.
Another solution is the implementation of a Transverse Gradient Undulator (TGU) that can be used in the FEL based LPA line to compensate for the effects of beam energy spread. By canting the poles and magnets, one can generate a linear dependence of the vertical undulator field. The electron beam is dispersed in the horizontal axis so that each energy slice undergoes a different field magnitude and emit radiation at the same wavelength. This process enhances the FEL performance as shown in References [40, 41] .
LPA Based Undulator Radiation
The feasibility of achieving undulator radiation with an LPA source has been demonstrated in different laboratories.
Institute fur Optik und Quantenelektronik
A high-intensity Titanium:Sapphire laser of 5 × 10 18 W.cm −2 andpulse duration of 80 fs is used to produce the relativistic electron beams [9] . The laser pulse is focused by an off-axis parabolic mirror into a supersonic helium gas jet where it accelerates electrons to several tens of MeV energy. The electrons propagate through an undulator, producing synchrotron radiation and into a magnetic electron spectrometer. Radiation is collected by a lens and analyzed in an optical spectrometer. The electron spectrum peaked at 64 MeV has a width of 3.4 MeV (full-width at half-maximum, FWHM), that is, rms energy spread of ∼2.3% and contains a charge of 28 pC. The normalized emittance of the beam is estimated to be ε n ≈ 1.3π mm.mrad, derived from beam optics simulations and the beam divergence measured from the beam size. The undulator radiation is measured using a spectrometer. The spectra are peaked at 740 nm with a bandwidth of 55 nm and contain 284,000 photons (black). Another peak is observed at a wavelength of 900 nm (red) produced by a 58 MeV, 14 pC and 5% energy spread in another shot.
Max-Planck-Institut fur Quantenoptik
The line is customized to generate soft-X-ray undulator radiation with LPA electron beams [10] . Quadrupoles of bore radius 3 mm with an adjustable longitudinal position, achieving a gradient of 500 T/m, are installed after the electron source. The laser pulse is focused on a gas cell, where the electron beam is generated and then focused by two quadrupoles into the undulator. Diagnostic equipment, composed of an electron and photon spectrometer, are placed at the end of the line. An electron beam centered around the energy 210 MeV is measured using an electron spectrometer resulting in undulator radiation peaked at 18 nm (first harmonic) and 9 nm (second harmonic) using a monochromator with first diffraction order and a CCD camera.
Laboratoire d'Optique Appliquée
At Laboratoire d'Optique Appliquée, the line is designed for the generation of UV undulator radiation with laser-plasma-accelerated electron beams [11] . A Titanium:Sapphire laser delivering a linearly polarized pulse at 800 nm with more than 1 J energy, about 30 fs duration is focused on a gas jet made of Helium leading to an electron density of 5 × 10 18 cm −3 . The generated relativistic electrons pass through a triplet of permanent magnet quadrupoles placed 15 cm from the source providing 15.4 T/m, −25 T/m and 15 T/m gradients, followed by a 0.6 m long undulator of period 18.2 mm and a deflection parameter of 1. The photon beam transverse shape radiation is measured on the CCD camera, which images a position corresponding to 60 cm after the end of the undulator and for electron energy of 120 MeV energy.
SUPA, Department of Physics, University of Strathclyde
An Advanced Laser-Plasma High-energy Accelerators towards X-rays (ALPHA-X) accelerator beam line has been commissioned [12] . A Titanium:Sapphire laser pulse centered at a wavelength of 800 nm with full-width at half-maximum duration of 36 fs and peak intensity of 2 × 10 18 W.cm −2 is focused to a 20 µm waist at the leading edge of a 2 mm diameter Helium gas jet to form a relativistic self-guided plasma channel. The electron beams produced are initially collimated using a triplet of miniature permanent magnet quadrupoles of fixed gradients of 500 T/m. A triplet of electromagnetic quadrupoles then focuses the beam through the undulator with gradient ∼2.4 T/m. Undulator output radiation is detected using a vacuum scanning monochromator and a CCD camera. The energy distribution measured has mean central energy of 104 MeV, with a 5% relative energy spread and contains a mean charge of 1.1 ± 0.8 pC. The mean spectral bandwidth of the radiation is 69 ± 11 nm corresponding to a relative bandwidth of 32 ± 7%, decreasing to as low as 16%. Table 1 summarizes some of the undulator radiation characteristics observed so far using an LPA source. The measured radiation bandwidth is still quite wide with rather poor wavelength stability. Wavelength tunability with undulator gap adjustment has not been shown yet. The undulator radiation quality achieved so far does not yet reach what is currently achieved on storage ring accelerator-based light sources. Table 1 . Laser and undulator characteristics used for the experiment, alongside the radiation quality produced. I the laser intensity, λ L the laser wavelength, E energy of the produced electron, λ u the undulator period, N u undulator number of periods, K u the deflection parameter, λ the undulator radiation wavelength, ∆λ/λ the relative bandwidth, B the radiation brilliance.
LPA System
Undulator Radiation 
COXINEL Experiment
The COXINEL transport line [42, 44] , as shown in Figure 1 , starts with the LPA system driven by a Titanium:Sapphire laser at Laboratoire d'Optique Appliquée, which delivers 30 fs (FWHM) pulses of 1.5 J energy at a central wavelength of 800 nm with a repetition rate of 1 Hz, power of 30 TW and energy of 1.5 J. The laser beam is focused by an off-axis parabola into a gas mixture composed of 99% He and 1% N 2 . The first magnetic element is a triplet of tunable high gradient permanent magnet-based quadrupoles (QUAPEVA) [23, 45, 46] , placed 5 cm from the electron source. The triplet strongly focuses the LPA electron beam and permits to handle the large divergence at an early stage of the transport and mitigate the emittance growth. The electron beam is then sent through a chicane, where the beam is longitudinally stretched and sorted in energy to reduce the slice energy spread. The presence of a variable width slit in the middle of the chicane enables to select an energy range of interest [47] [48] [49] . A second set of quadrupoles placed after the chicane ensures that the transverse beam size is minimized at the undulator center. The undulator is a cryo-ready one operating at room temperature [50] [51] [52] . Table 2 presents the magnetic elements characteristics of the line. The QUAPEVAs achieve a maximum gradient of ∼180 T/m and provide tunability of ∼90 T/m. The chicane is composed of four electro-magnet dipoles. The electro-magnet based quadrupoles generate a maximum gradient of 20 T/m. The undulator is 2 m long and of period 18.16 mm with an adjustable magnetic gap providing a field variation. Transfer line components and LPA laser are aligned within ± 100 µm on the reference axis using a laser tracker. The electron beam has been successively controlled and transported down to the undulator. Thanks to the QUAPEVAs, beam pointing alignment compensation was established that enabled to correct the electron beam dispersion and transport it to the undulator [43] . An electron monochromator is added in the middle of the chicane enabling to select a smaller range of energies. This enables us to map the photon transverse shape using a CCD camera [43] . In addition, new electron beam optics has been adopted afterward, that enabled to reduce the energy spread of the electron beam arriving at the undulator more efficiently. This enabled us to reach a minimum undulator radiation bandwidth of 2% [53] .
LUX at CFEL
Undulator radiation has also been reported [54] using a Titanium:Sapphire laser of 200 TW power to generate electrons at energies 600 MeV. The undulator is of a period of 5 mm and a K u value of 0.3, generating radiation at a wavelength of nm.
Electron Beam Characteristics in the COXINEL Line

Transport
The COXINEL line was designed to enable wide tuning and manipulation of the electron beam. Thanks to the tunable high gradient QUAPEVAs, different beam optics can be adopted. Electron beam transport is tuned with BETA code [55] up to the second order, with home-made multiparticle tracking code for high order non-linear effects and collective effects like coherent synchrotron radiation [56] . Hard-edge models are used for the magnets and apertures of the vacuum chamber along the beam line are included. A linear optics from source to image [39] is implemented. This optics ensures a minimum beam size (waist) for the on-momentum particles (energy deviation δ = 0) at the focusing point (undulator center). By neglecting the coupling effect and limiting to the horizontal plane and chromatic terms, the transfer matrix from source to image can be expanded up to the second order as [57] :
where the matrix R ij6 stands for the chromatic second order perturbation. The COXINEL line ensures minimum a chromatic effect induced by the energy spread such that the term R 226 is very small. Also, the electron beam generated by an LPA starts as a point source, so some of the terms can be neglected. And by considering a round Gaussian beam and approximating that R 22 = 1/R 11 [58] , the rms associated momenta transfers at the center of the undulator can be expressed as:
Assuming a linear chicane decompression, the bunch length σ l and slice energy spread σ γ−slice are expressed as:
where R 56 is the chicane strength, σ l0 the bunch length before the chicane. By calculating the bunch length and slice energy spread, one can now determine the slice emittance ε slice and slice beam size σ x−slice at the center of the undulator can be expressed as:
Baseline Reference Case
At the start of COXINEL project, the baseline reference parameters that were examined at the source are presented in Table 3 , where the electron beam is considered to be a round Gaussian beam. Our aim at COXINEL is to achieve FEL amplification at 200 nm. The line is optimized in such a way that R 11 = 10 and R 56 = 0.4 mm. Inserting these values in Equations (11) and (12), one gets the beam parameters at the center of the undulator as shown in Table 3 . 
Electron Beam Brightness
To qualify an electron beam for an FEL application, an important parameter, brightness, that combines emittance, current and energy spread, is examined. The electron beam brightness can be defined in the 6D phase space B 6D as the total bunch charge Q divided by the normalized emittance in the three planes:
where ε ns = σ s σ γ scales as the product of bunch length and relative energy spread. At the generation source, the electron beam brightness is:
B 6D = 4.3 × 10 5 A/mm 2 /mrad 2 (14) and at the center of the undulator:
B 6D (Total) = 0.25 × 10 5 A/mm 2 /mrad 2 B 6D (Slice) = 3.3 × 10 5 A/mm 2 /mrad 2 (15) Comparing the electron beam brightness generated with an LPA with the one using a conventional linac by taking typical values (I peak = 500 A, ε n = 1 mm.mrad, σ γ = 0.01%), it is found to be 5 × 10 6 A/ mm 2 /mrad 2 , which is one order of magnitude higher due to the ultra-low energy spread.
As mentioned in the transport line description, an electron monochromator is placed in the middle of the chicane. This helps reduce the energy spread, decrease the emittance and increase the brightness at the center of the undulator [18, 59] .
Undulator Radiation Characteristics
As the electron wiggles inside the undulator, radiation is emitted at each period and adds contructively at the resonance wavelength λ and its harmonics:
with n the harmonic number and θ the observation angle.
Homogeneous Broadening
An electron orbitting an undulator with N u periods produces a wavetrain with equal number of oscillations. The electric field E of the light wave is written as:
The time duration of the wave train is T = N u λ/c, with c the speed of light. Due to its finite length, this wave train is not monochromatic but spans over a range of frequencies. This range can be determined by applying the Fourier transformation on the electric field:
Thus:
The spectral intensity (I(ω)) is proportional to |E(ω)| 2 :
with
The undulator homogeneous bandwidth is thus expressed as:
For the COXINEL undulator with 107 number of periods, the first harmonic natural line width is 0.93%.
Inhomogeneous Broadening
A real electron beam has a finite transverse emittance and a range in energy, which broadens the radiation bandwidth. The energy spread σ γ widens the line symmetrically. By deriving Equation (16) with θ = 0:
Thus ∆λ
For an energy spread of 0.2% rms, the contribution on the bandwidth is ∼0.94% close to the natural linewidth of the 100 period undulator case.
The divergence σ x,z causes a red shift of the resonant wavelength and widens the bandwidth asymmetrically.
The deviation of the radiation wavelength with respect to the on-axis (θ = 0):
Therefore ∆λ
A 0.1 mrad rms divergence contribution on the bandwidth is ∼0.1% for an energy of 200 MeV and K u of 2.
The total bandwidth can be calculated using the different contributions and applying an approximation that the divergence only contributes to the red side of the spectrum. Taking this into account, one can use the following quadratic sum approximation to determine the undulator radiation bandwidth [60] :
Using Equation (22), the undulator radiation bandwidth is calculated using the total electron beam and slice parameters at the center of the undulator (see Table 3 ): (23)
Photon Beam Flux and Brilliance
The photon fluxṄ at the first harmonic generated by an electron beam orbitting an undulator can be expressed as [61] :Ṅ
The flux calculated in the case of COXINEL is 1.3 × 10 19 ph/s/0.1% for a K u value of 2. The flux is also simulated, for the total beam (blue) and slice beam (red) cases using an SRWcode [62] as shown in Figure 2 . The flux is peaked at the resonant wavelength of 176 nm. The difference between the analytical value and the simulated one is due to the small aperture of the observation window. If one uses a larger aperture, the flux attains a value of 1.5 × 10 19 ph/s/0.1% bw close to the calculated one. In addition, the relative bandwidth for the total beam and slice beam are found to be 4.9% and 1.4%, respectively, which are in good agreement with the calculated ones (see Equation (23)), implying that the approximation is quite valid. Table 3 for the total beam (blue) and slice beam (red). Window aperture of 1 mm x 1 mm placed at a distance 10 m from the center of the undulator. K u = 2.
The brilliance B refers to the number of photons with the same wavelength that are directed and concentrated on a spot per unit of time. B is expressed as the photon flux divided by the photon emittance:
where
with σ n and σ n are the photon beam natural size and divergence, respectively and are expressed as [63] [64] [65] :
The brilliance is calculated for the total electron beam and slice: B(Total) = 1.7 × 10 22 ph/s/mm 2 /mrad 2 /0.1%bw B(Slice) = 7.5 × 10 22 ph/s/mm 2 /mrad 2 /0.1%bw.
The brilliance is also computed using SRW, where it is found to be 1.4 × 10 22 ph/s/mm 2 /mrad 2 /0.1%bw for the total beam case and 7.6 × 10 22 ph/s/mm 2 /mrad 2 /0.1%bw for the slice one. However, during the COXINEL experiment, the electron beam exhibited quite different qualities [66] and the brilliance is found to be of the orders of 10 17 ph/s/mm 2 /mrad 2 /0.1%bw [53] , 3 orders of magnitude lower than the calculated one.
FEL Evaluation
In this section, the Ming Xi equations [67] , that allow for a quick evaluation of an FEL performance, are presented. The study is for SASE amplification where the lasing is achieved in a single pass of a high current, high brightness electron beam through a long undulator. Starting with the ideal case (1D model: electron beam has a uniform transverse spatial distribution with zero emittance and energy spread) as presented in Equation (8):
It can be shown that the FEL gain length can be expressed by a universal scaling function:
where The scaling parameters η d , η , η γ measure the deviation of the beam from the ideal case, taking into account the gain reduction caused by diffraction, emittance and energy spread, respectively. The saturation power obtained from simulation is given by:
After the calculation of L g and P sat , the saturation length is determined by:
where c is the speed of light. The power achieved after a certain undulator length can thus be determined using the following equation: P = 1 9 P n e s/L g .
The calculated beam parameters presented in Table 3 are used to examine the FEL performance. Figure 3 shows the FEL power calculated as the chicane strength is varied for different magnification factors. The optimum case is for 0.2 mm chicane strength and 10 magnification factor, where the gain length is 0.11 m generating a power of 70 MW at 172 nm. The variation of the chicane strength provides an easy knob for FEL adjustment. Table 4 presents the input values (R 11 , R 56 ), the calculated beam parameters at the center of the undulator using Equation (12) and the FEL performance. The slice beam size and divergence highly depend on R 11 whereas the slice energy spread depends only on R 56 . The P COX corresponds to the power that can be observed at COXINEL after the 2 m long undulator, where it reaches a maximum value of 70 MW for a magnification factor R 11 = 10 and a chicane strength R 56 = 0.2 mm. Table 4 . FEL performance as the magnification of the beam (source to undulator center) and chicane strength are varied. L g the FEL gain length, L sat the FEL saturation length, P sat the saturation power.
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Conclusions
The problems and the context of LPA based FEL have been reported. The state-of-art of LPA based undulator radiation is presented, where the radiation does not yet exhibit the same quality as those achieved with conventional accelerators. FEL is still very challenging to achieve, using such a source, due to the large divergence and energy spread at the generation point. However, with a line designed to manipulate the electron beam phase space, such as COXINEL, FEL amplification is quite possible.
